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In this paper, we use Floquet theory to theoretically study the effect of monochromatic circularly and linearly
polarized light on the Hofstadter butterfly in the square lattice, which is induced by uniform perpendicular mag-
netic field. In the absence of laser, the butterfly has a fractal, self-similar structure particle-hole symmetry and
reflection symmetry about magnetic flux φ = 1/2. These symmetries are preserved by the sub-lattice and the
time-reversal symmetry, respectively. As the system is exposed to circularly polarized light, the original Hofsat-
dter butterfly in equilibrium is deformed by breaking both the particle-hole symmetry and the mirror symmetry,
while the inversion symmetry about energy E = 0 and magnetic flux φ = 1/2 is preserved. Our study show
that, the circularly polarized light break both the sub-lattice symmetry and the time-reversal symmetry. The
inversion symmetry is preserved because the Hamiltonian at magnetic flux φ and 1 − φ is connected through
the sub-lattice transformation. Focusing on the small flux region, we study the Landau level and the influence of
circularly polarized light on the Landau level. By considering the Floquet-Magus expansion at high frequency,
an quantitative description on the Landau level is given using numerical technique, which is determined by the
one-photon absorption and emission process. On the contrary, the linearly polarized light deforms the original
Hofstadter butterfly by breaking the rotational symmetry while preserving sub-lattice and the time-reversal sym-
metry. Further, we study the influence of the periodic drive on the Chern number of the lowest band in middle
Floquet copy within the off-resonance regime. We found strong circularly polarized light will change the Chern
number. For linearly polarized light, the Chern number will not change and the values stay independent of laser
polarization direction. Our work highlights the generic features expected for the periodically driven Hofstadter
problem on square lattice and provide the strategy to engineering the Hofstadter butterfly with laser.
I. INTRODUCTION
The Hofstadter butterfly-a butterfly-like fractal energy di-
agram theoretically predicted in hopping models on two di-
mensional square lattice subjected to a perpendicular uniform
magnetic field-have been attracting great interest from the
physics community1. The Hofstadter butterfly show particle-
hole symmetry (reflection about zero energy axis) and reflec-
tion symmetry about magnetic flux 1/2 (in unit of the funda-
mental flux quantum hc/e, where h is Plancks constant, c is
the speed of light, and e is the charge of the electron). Phys-
ically, The reflection about zero energy axis is preserved by
the bipartite symmetry of square lattice when only isotropic
nearest-neighbor hopping is considered. The reflection sym-
metry about magnetic flux 1/2 is preserved by the time-
reversal symmetry (the lattice geometry do not distinguish
±z direction). Theoretical study of the Hofstadter butter-
fly at the non-interacting level are its fractal structure depen-
dence on Bravais lattices2–5 (for examples, triangular, rectan-
gle, Honeycomb, Kagome lattice, etc.), non-uniform perpen-
dicular magnetic field3,6, three dimensional lattice7 and disor-
der effect on Hofstadter butterfly8. Effect of electron-electron
Coulomb interaction will modify the Hofstadter butterfly by
changing its energy gap and bandwidth9–13, not the character-
ized self-similar fractal structure. Experimental observation
of Hofstadter butterfly depend on the interplay of the mag-
netic field and the lattice spacing. For the lattice spacing in
typical atomic lattice (less than one nanometre), the required
magnetic field strength to observe the butterfly is on the or-
der of 104 Tesla which is beyond current capabilities (about
102 Tesla). Artificial lattice (lattice spacing 100 nanometre)
will require a small magnetic field, but it is too small to over-
come the effect of disorder. A moire´ super-lattices - created
by put bilayer graphene coupled to hexagonal boron nitride
(lattice spacing 10nm) - is proposed to be a good candidate to
observe the fractal structure in Hofstadter butterfly14–17.
Recently, an interesting direction is to engineer the elec-
tronic band structure by dressing the bare electron with a
periodic drive (photon absorption and emission). At non-
interacting level, the system can be manipulated from non-
topological phase to a topological one18–23. As the Coulomb
interaction is taken into account, the effect of periodic drive
can dress the electron by changing its strength of effective
Coulomb interaction24,25 (even inverse its sign).
At this point, the influence of periodic drive (lase in solid or
temporal modulation in optical lattices) on the Hofstadter but-
terfly has not been studied extensively.26–33 Pioneering study
on the effect of periodic drive on the Hofstadter butterfly are
mainly based on the kicked-Harper model26–28. Prior work
based on the square lattice Hofstadter model found that pe-
riodic driving (time-periodically modulate hopping integral
in optical lattice) leads to pairs of counter-propagating chi-
ral edge modes, which are protected by the chiral (sub-lattice)
symmetry and robust against static disorder30,31. In Ref.[33],
the driven Hofstadter butterfly on the honeycomb lattice was
studied by illuminating with monochromatic light (either cir-
cularly or linearly polarized light). Their study show that the
influence of monochromatic light on the fractal structure of
the spectrum depends mainly on its intensity and polarization.
The Chern numbers and the W3 invariants are numerically
calculated to study the topology of the studied driven sys-
tem. Further, a more detailed study of the effect of a circu-
larly polarized laser on the Hofstadter butterfly in honeycomb
lattice is studied for different driving frequency regime32. In
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2the Landau-level regime, new winglike gaps emerge as the
driving frequency is decreased from off-resonance to resonant
regime (laser frequency is smaller than bandwidth). Using a
combination of spin wave theory and quantum field theory, a
magnonic Floquet Hofstadter butterfly is realized in the two-
dimensional (2D) insulating honeycomb ferromagnet34. By
considering different Bravais lattice, the driven Hofstadter in
Kagome and triangular lattice are studied systematically35.
In these works, the fractal structure in Hofstadter butterfly
are mainly numerically studied. The discussions are focusing
on the symmetry broken and recovery process and its influ-
ence on deforming the butterfly-like structure. For example,
as the system is exposed to circularly polarized light, the re-
flection symmetry about magnetic flux 1/2 is broken because
circularly polarized light breaks the time-reversal symmetry.
In contrast, the time-reversal symmetry is preserved by the
linearly polarized light and as a result, the mirror symmetry is
preserved as the system is exposed to linearly polarized light.
In general, an analytical explanation of these numerical re-
sults will depend on its effective Hamiltonian. In the limit
of high frequency (off-resonance regime, laser frequency is
larger than bandwidth), a periodically driven system can often
be described by an effective static Hamiltonian using Floquet-
Magus expansion36–38, which involves commutators between
different Floquet copy. For the system with uniform magnetic
field, the dimension of each Floquet copy will be q (integer
number, usually of order 102 or larger). As a result, the effec-
tive Hamiltonian is usually hard to derive analytically (com-
mutators of q × q matrix).
In this paper, we focus our study on the influence of peri-
odic drive on the Hofstadter butterfly on the two dimensional
square lattice. Using Floquet-Magus expansion, we derive the
effective Hamiltonian for the Hofstadter butterfly deformed
by off-resonance circularly (linearly) polarized light for the
full magnetic flux regime. Focusing on the small flux region,
we study influence of circularly polarized light on the Landau
level. A analytical expression is given to describe the effect of
periodic drive on the Landau level, which is determined by the
one-photon absorption and emission process. In addition, the
linearly polarized light deforms the original Hofstadter but-
terfly by breaking the rotational symmetry, which effectively
change the ratio of hopping integral along x and y.
The paper is organized as follows. In Sec.II, the model
Hamiltonian on the two dimensional square lattice exposed
to a perpendicular magnetic field and monochromatic laser is
proposed. The Floquet theory is introduced subsequently. Nu-
merical results on the influence of periodic driving laser (cir-
cularly and linearly polarized) on the Hofstadter butterlfy is
illustrated in Sec.III. The effect of periodic laser on the Lan-
dau level is studied systematically in Sec.IV, and the Chern
number is calculated in Sec.V. Finally, in Sec.VI, we summa-
rize our main results and conclusions.
II. MODEL AND METHOD - SQUARE LATTICE
The static model Hamiltonian is defined on the two dimen-
sional square lattice with nearest-neighbour hopping terms
(a)
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FIG. 1. (Color online) Square lattice with lattice constant a. The
translational vectors are a1 = (1, 0)a,a2 = (0, 1)a with one lattice
point in unit cell. As the system is exposed to uniform perpendicular
magnetic field, the unit cell is enlarged to recover translational sym-
metry. For magnetic flux p/q (p,q are co-prime number), the enlarger
one is q-times the original unit cell without magnetic field.
(spin index are ignored for simplicity),
H =
∑
ij
(
−txa†i,jai+1,j − tya†i,jai,j+1
)
+ h.c. (1)
where tx (ty) is the hopping integral between nearest-
neighbours along the x (y) directions, a†i,j(ai,j) create (an-
nihilate) an electron at unit cell R(i, j). The position of an
arbitrary unit cell is
R(i, j) = ia1 + ja2 (2)
where i, j are integers, a1 = (a, 0) and a2 = (0, a) are the
translational lattice vectors with a the lattice constant. The
electron dispersion can be derived by Fourier transforming the
Hamiltonian Eq.(1) to momentum space,
k = −2tx cos(kxa)− 2ty cos(kya) (3)
As the system is exposed to field (electric, magnetic field) with
a general vector potential A = (Ax, Ay), the hopping terms
in Eq.(1) are modified through the Peierls substitution,
a†i,jai′,j′ 7→ exp
(
+i
e
~c
∫ R(i,j)
R(i′,j′)
A · dr
)
a†i,jai′,j′
3A. Model Hamiltonian exposed to periodic drive (laser)
As the system is exposed to periodic drive (laser) with vec-
tor potential Al(t) = [Axl (t), A
y
l (t)] (the subscript l denote
laser), the time dependent Hamiltonian is written as,
H(t) =
∑
ij
−txa†i,jai+1,j exp(−iAxl (t)a) + h.c.
+
∑
ij
−tya†i,jai,j+1 exp(−iAyl (t)a) + h.c.
Fourier transforming the Hamiltonian above to momentum
space,
Hk(t) = −tx exp(ikxa) exp(−iAxl (t)a)a†kak + h.c.
−ty exp(ikya) exp(−iAyl (t)a)a†kak + h.c.
Since the time-dependent Hamiltonian is time periodic
Hk(t) = Hk(t + T ), where T is the period of periodic
drive. According to the Floquet theory for time-periodic
system, the wave function can be written as |Ψk(t)〉 =
exp(−ikαt)|φkα(t)〉 with |φkα(t)〉 = |φkα(t+ T )〉. To cal-
culate the quasi-energy α, on can Fourier expand |φk(t)〉 =∑
m exp(imΩt)|φmkα〉 with |φmkα〉 the m-th Floquet mode of
Floquet wave function and Ω = 2pi/T . The Schro¨dinger
equation is rewritten as,∑
n
(Hn,mk +mδm,nΩ)|φmα 〉 = kα|φnα〉 (4)
where
Hn,mk = H
n−m
k =
1
T
∫ T
0
dtHk(t) exp(−i(n−m)Ωt). (5)
For circularly polarized light with vector potential Al(t) =
A0(sin Ωt, cos Ωt), we have
Hn−mk = −tx exp(+ikxa)Jm−n(+A0a)a†kak
− ty exp(+ikya)Jm−n(+A0a) exp(i(n−m)pi/2)a†kak
− tx exp(−ikxa)Jm−n(−A0a)a†kak
− ty exp(−ikya)Jm−n(−A0a) exp(i(n−m)pi/2)a†kak
(6)
with Jn the n-th order Bessel function of the first kind. The
effective Hamiltonian in the high frequency limit (Floquet-
Magus expansion) reads,
Heff ≈ H0 + 1~Ω
∞∑
l=1
[Hl, H−l]− +O( 1~2Ω2 ) (7)
Due to the commutation relation [Hn, Hm]− = 0, we have,
Heff ≈ H0 = J0(A0a)(−2tx cos(kxa)− 2ty cos(kya))a†kak
which is the original time independent Hamiltonian Eq.(3)
scaled by J0(+A0a).
For Linearly polarized light with vector potential Al(t) =
A0 sin Ωt(cosα, sinα), we have
Hnmk =− tx exp(+ikxa)Jm−n(+A0a cosα)a†kak
− ty exp(+ikya)Jm−n(+A0a sinα)a†kak
− tx exp(−ikxa)Jm−n(−A0a cosα)a†kak
− ty exp(−ikya)Jm−n(−A0a sinα)a†kak
The effective Hamiltonian in the high frequency limit
(Floquet-Magus expansion),
Heff ≈ H0 = J0(A0a cosα)(−2tx cos(kxa))a†kak
+ J0(A0a sinα)(−2ty cos(kya))a†kak
which is the original time independent Hamiltonian Eq.(3)
with a scaling factor J0(+A0a cosα) in the x-direction and
J0(+A0a sinα) in the y-direction, respectively. As we have
α = pi/4, the effective Hamiltonian will be simplified by
J0(+A0a cosα) in both x- and y-direction.
B. Hamiltonian subjected to perpendicular magnetic field
As the system is subjected to a perpendicular magnetic field
B = ∇ ×Am = (0, 0, B) and adopt the Landau gauge with
vector potential Am = (0, Bx, 0) (the subscript means mag-
netic field). As usual, we restrict the flux per unit cell in units
of the elementary charge over Planck’s constant to a rational
value
φ ≡ Ba2. (8)
Thus, the Peierls phase can be written as
e
~c
Ba2 = 2piφ/φ0 (9)
where φ0 = hc/e is the magnetic quantum flux, φ = p/q with
(p, q) co-prime integers. To recover the translational symme-
try of the lattice, we enlarge the unit cell along the transla-
tional vector a1 by q times of the original unit cell without
magnetic field. The Hamiltonian in real-space can be rewrit-
ten as,
H =− tx
∑
mn
q−1∑
l=1
a†(i,j),la(i,j),l+1 + h.c.
− tx
∑
mn
q∑
l=q
a†(i,j),qa(i+1,j),1 + h.c.
− ty
∑
mn
q∑
l=1
a†(i,j),la(i,j+1),le
−i2pilφ + h.c.
where the position of magnetic unit cell is
R˜(i, j) = ia1 × q + ja2 (10)
4After Fourier transformation,
Hk =− tx
(
q−1∑
l=1
a†k,lak,l+1 + a
†
k,qak,1e
ik·qa1
)
+ h.c.
− ty
q∑
l=1
a†k,lak,l2 cos(k · a2 − 2pilφ)
For the case k = (0, 0), we have
Hbutterfly =− tx
(
q−1∑
l=1
a†l al+1 + a
†
qa1
)
+ h.c.
− ty
q∑
l=1
a†l al2 cos(−2pilφ)
(11)
This is the original Hamiltonian to generate the Hofstadter
butterfly on the square lattice1.
C. Hamiltonian with both laser and magnetic field
As the system subjected to a perpendicular magnetic field
is exposed to periodic driving laser, the Hamiltonian in real-
space is expressed as,
H =− tx
∑
mn
q−1∑
l=1
a†(m,n),la(m,n),l+1e
−iAl(t)·a1 + h.c.
− tx
∑
mn
q∑
l=q
a†(m,n),qa(m+1,n),1e
−iAl(t)·a1 + h.c.
− ty
∑
mn
q∑
l=1
a†(m,n),la(m,n+1),le
−i2pilφe−iAl(t)·a2 + h.c.
Fourier transformation,
Hk =− tx
q−1∑
l=1
a†k,lak,l+1e
−iAl(t)·a1 + h.c.
− txa†k,qak,1eik·qa1e−iAl(t)·~a1 + h.c.
− ty
q∑
l=1
a†k,lak,le
ik·a2e−i2pilφe−iAl(t)·a2 + h.c.
the Floquet-Bloch Hamiltonian in matrix form is expressed as,
HF(φ) =

. . .
...
...
... . .
.
· · · H0k − ~Ω1 H−1k H−2k · · ·
· · · H1k H0k H−1k · · ·· · · H2k H1k H0k + ~Ω1 · · ·
. . .
...
...
...
. . .
 (12)
with 1 the q × q unit matrix and
Hnmk = H
n−m
k =
1
T
∫ T
0
dte−i(n−m)ΩtHk(t). (13)
1. Circularly polarized light
For circularly polarized light with vector potential A(t) =
A0[sin(Ωt), cos(Ωt)], The Floquet-Bloch Hamiltonian for cir-
cularly polarized light is expressed as,
Hnmk = −txJm−n(A0a)
(
q−1∑
l=1
a†k,lak,l+1 + a
†
k,qak,1e
ikxqa
)
− txJm−n(−A0a)
(
q−1∑
l=1
a†k,l+1ak,l + a
†
k,qak,1e
ik·q~a1
)
− tyJm−n(+A0a)
q∑
l=1
a†k,lak,le
ikyae−i2pilφei(n−m)pi/2
− tyJm−n(−A0a)
q∑
l=1
a†k,lak,le
−ikyaei2pilφei(n−m)pi/2
For the special case k = (0, 0), The Hamiltonian is simpli-
fied as,
Hnmk=0 =− txJm−n(+A0a)
(
q−1∑
l=1
a†l al+1 + a
†
qa1
)
− txJm−n(−A0a)
(
q−1∑
l=1
a†l+1al + a
†
1aq
)
− tyJm−n(A0a)
q∑
l=1
a†l al2 cos[2pilφ− (n−m)pi/2]
(14)
For the high frequency limit, the effective Hamiltonian is
expressed as
Heff ≈ H0 + 1~Ω[H1, H−1]− +
1
~Ω
[H2, H−2]− (15)
2. Linearly polarized light
For the linear polarized light with vector potential A(t) =
A0 sin(Ωt)(cosα, sinα), the Floquet-Bloch Hamiltonian is
written as,
5FIG. 2. (Color online.) The Hofstader butterfly for the square lattice, deformed by circularly polarized light A(t) = A0(sin Ωt, cos Ωt) with
frequency fixed at an off-resonant regime Ω = 8.0. The representative laser intensity are chosen as (a) A0 = 0.0, (b) A0 = 1.0, (c) A0 = 2.0
and (d) A0 = 3.0, (e) A0 = 3.8 and (f) A0 = 5.0. The energy spectrum are re-scaled by 1/J0(A0a) to have the same energy scale for
different laser intensity. The calculations are done with 5 Floquet copies. The magnetic flux is defined as φ = p/q with p ranging from 1 to
q − 1 and q = 599.
Hnmk = −txJm−n(A0a cosα)
(
q−1∑
l=1
a†k,lak,l+1 + a
†
k,qak,1e
+ik·q~a1
)
− txJm−n(−A0a cosα)
(
q−1∑
l=1
a†k,l+1ak,l + a
†
k,1ak,qe
−ik·q~a1
)
− ty
q∑
l=1
a†k,lak,lJm−n(+A0a sinα) exp(+i(kya− 2pilφ))
− ty
q∑
l=1
a†k,lak,lJm−n(−A0a sinα) exp(−i(kya− 2pilφ))
For the special case k = (0, 0), The Hamiltonian is simplified
as,
Hnmk=0 = −txJm−n(+A0a cosα)
(
q−1∑
l=1
a†l al+1 + a
†
qa1
)
− txJm−n(−A0a cosα)
(
q−1∑
l=1
a†l+1al + a
†
1aq
)
− ty
q∑
l=1
a†l alJm−n(+A0a sinα) exp(−i2pilφ)
− ty
q∑
l=1
a†l alJm−n(−A0a sinα) exp(+i2pilφ)
(16)
III. HOFSTADTER BUTTERFLY
In the equilibrium case (absence of laser), the Hofstadter
butterfly on the isotropic square lattice (only nearest-neighbor
hopping) is calculated with q = 599 (shown in Fig.2 wih
A0 = 0.00). The energy diagram show complex fractal struc-
ture with rich symmetries. Three of its rich symmetries will
be discussed explicitly below.
Firstly, the reflection symmetry about zero energy axis
(particle-hole symmetry) is observed. This symmetric prop-
erties is explained by considering the sub-lattice symmetry
(square lattice is a bipartite lattice, the sub-lattice symmetry
implies that energies must occur in pairs of ±E), which is,
S(H(φ)) = −S(H(φ)), (17)
6where S(H(φ)) means the spectrum of Hamiltonian H(φ).
Note here the exact particle-hole symmetry is observed only
when q is even or A-B sublattice is considered in one unit cell.
Secondly, the reflection symmetry about magnetic flux
φ = 1/2 is observed, which means n(φ) = ′n(1 − φ)
with n(φ) the n-th eigenvalue of the Hamiltonian Eq.(12)
with magnetic flux φ. This symmetry can be explained us-
ing the time-reversal operator. Since magnetic field change
sign under time-reversal operation. The time reversal partner
of the Hamiltonian at magnetic flux φ is the one with mag-
netic flux −φ, which is, T H(φ)T −1 = H(−φ) with T the
time reversal operator (anti-unitary). In addition, we have
H(−φ) = H(1 − φ) due to the periodicity of the magnetic
flux5,39. Finally, we get,
T H(φ)T −1 = H(−φ) = H(1− φ) (18)
Since the two operators that are time-reversal partners will
have the same eigenvalues, we have the property for spectrum,
S(H(φ)) = S(H(−φ)) = S(H(1− φ)), (19)
which explain the reflection symmetry about magnetic flux
φ = 1/2. Physically, we can understand the symmetry
n(φ) = n(−φ) by thinking that the lattice geometry do not
distinguish ±z direction.
Thirdly, by considering both time-reversal Eq.(19) and sub-
lattice symmetry Eq.(17), we have,
S(H(φ)) = −S(H(1− φ)), (20)
which imply the inversion symmetry about point E = 0, φ =
1/2. A more detailed calculation (proof) is elaborated in App-
pendices.
A. Effect of an off-resonance circularly polarized light
As the Hofstadter butterfly is further exposed to a circu-
larly polarized light, the self-similar fractal structure is de-
formed. Here several representative laser intensity are chosen
as A0 = 1.0, 2.0, 3.0, 3.8, 5.0 to exhibit the deformation of
Hofstadter’s butterfly by laser. The laser frequency is fixed as
~Ω = 8. Note, in order to compare with the Hofstadter but-
terfly without laser, the spectrum with finite laser intensity is
scaled by 1/J (A0a).
Qualitatively, let’s focus on the above three symmetries
(particle-hole, reflection about φ = 1/2 and inversion about
E = 0, φ = 1/2) in the original Hofstadter butterfly (A0 =
0.00 in Fig.2). By a quick look at the deformed butterfly with
laser intensityA0 = 1.00 in Fig.2, the particle-hole symmetry
and the reflection symmetry about axis φ = 1/2 are broken
while the inversion symmetry about φ = 1/2, E = 0 is pre-
served and a physical explanation is as follows. The particle-
hole symmetry is absent because the effect of circularly polar-
ized light periodic driving laser break the sub-lattice symme-
try through the photon absorption and emission processes40.
The reflection symmetry about axis φ = 1/2 no longer exist
because the circularly polarized light break the time-reversal
symmetry (time-reversal partner of left polarized light will be
right polarized one). In other words, since the circularly polar-
ized light will define the z-direction for the lattice, changing
the direction of magnetic field B (φ is changed to −φ) will
break the reflection symmetry about φ = 1/2 (periodicity of
the magnetic flux H(−φ) = H(1− φ) is used). Surprisingly,
even though both the sub-lattice and the time reversal symme-
tries are broken, the inversion symmetry of the butterfly about
the point φ = 1/2, E = 0 is preserved.
By comparing the deformed Hofstadter butterfly with in-
creasing laser intensity, we realize that the three symmetries
in original butterfly can be recovered approximately at criti-
cal laser intensity A0 = 3.80. Further increasing the intensity
will break the first two symmetries while preserve the third
symmetry again. This kind of behavior can be understood by
considering the effective Hamiltonian under high frequency
expansion.
In the high frequency limit, the effective Hamiltonian36–38
is expressed as
Heff(φ) ≈H0(φ) +H ′(φ) +O(1/~2Ω2)
where H0(φ) = J0(A0a)Hbutterfly and
H ′(φ) = [H1, H−1]−/(~Ω) =8txtyJ 21 (A0a) sin(piφ)
(
q−1∑
l=1
a†k,lak,l+1 cos(2pi(l + 1/2)φ) + a
†
k,qak,1 cos(+piφ)
)
(21)
We have H0 ∝ J0(A0a) and H ′ ∝ J 21 (A0a). And as a re-
sult, the interplay of J 21 (A0a) and J0(A0a) play an important
role. At the zero point of J0(A0a), the first order correction
will dominate the behavior of energy spectrum. While at the
zero points of J1(A0a) whereA0a = 3.83 (J0(A0a) remains
finite), the effective Hamiltonian will be the equilibrium one
scaled by a Bessel function J0(A0a), where both the reflec-
tion symmetry about E = 0 axis and φ = 1/2 axis are re-
covered approximately. Further increasing the laser intensity
above critical one will break the two symmetries again.
B. Effect of an on-resonance circularly polarized light
Follow the study in Ref.[32], we consider influence of on-
resonance circularly polarized laser on the Hofstadter butter-
fly in this subsection. Here we choose the laser intensity to
be A0 = 1.0 in Fig.3. The effective bandwidth for the but-
7FIG. 3. (Color online.) The Hofstader butterfly for the square lattice, deformed by circularly polarized light A(t) = A0(sin Ωt, cos Ωt) with
laser intensity fixed at A0a = 1.0. The laser frequency is varying from off-resonance to on-resonance regime (a) ~Ω = 6.4, (b) ~Ω = 5.8, (c)
~Ω = 5.2. The energy spectrum are re-scaled by 1/J0(A0a) to have the same energy scale for different laser intensity. The calculations are
done with 5 Floquet copies. The magnetic flux is defined as φ = p/q with p ranging from 1 to q − 1 and q = 599.
FIG. 4. (Color online.) The Hofstader butterfly for the square lattice, deformed by linearly polarized light A(t) = A0 sin Ωt(cosα, sinα)
with frequency fixed at an off-resonant regime Ω = 8.0. The representative laser intensity are chosen as A0 = 2.0. The energy spectrum are
re-scaled by 1/J0(A0a cosα) to have the same energy scale for different laser intensity. The calculations are done with 5 Floquet copies. The
magnetic flux is defined as φ = p/q with p ranging from 1 to q − 1 and q = 599. (a) tx = 1.0, ty = 1.0, A0 = 2.0, α = pi/4, (b) butterfly
at equilibrium case (absence of laser) tx = 1.0, ty = 1.00, A0 = 0.0, (c) a comparison of (a) and (b); (d) tx = 1.0, ty = 1.0, A0 = 2.0, α =
pi/6, (e) butterfly at equilibrium case (absence of laser) tx = 1.0, ty = 2.02, A0 = 0.0, (f) a comparison of (d) and (e).
terfly will be 8J (1.0) = 6.1216. So we choose the repre-
sentative laser frequency to be around the effect bandwidth
~Ω = 6.40, 5.80, 5.20. Here We observe the overlap between
different Floqquet copy and the crossing of Landau levels at
small flux regime. The avoided crossing is not observed here.
C. Effect of an off-resonance linearly polarized light
The Hofstadter butterfly deformed by linearly polarized
light is plotted in Fig.4. Here we fix the laser intensity to
be A0a = 1.0 and the frequency in the off-resonance regime
~Ω = 8.0. The vector potential of a linearly polarized laser
is A(t) = A0(cosα, sinα)). By considering the polarization
direction, we plot the α = pi/4 in the upper panels in Fig.4.
Note here, the energy are rescaled by 1/J (A0a cosα) for the
purpose to have the same energy scale with original Hofstadter
without laser. By comparing with the two data, We find they
are very similar with each other, except main difference in the
larger magnetic field (around φ = 1/2). This feature can be
understood by considering the effective Hamiltonian in high
frequency regime. From the expression in Eq.(16), the Flo-
8quet Hamiltonian have the property,
H+n = (−1)nH−n (22)
As a result, the effective Hamiltonian at high frequency can
be simplified as,
Heff ≈H0 + 1~Ω
∞∑
n=1
[Hn, H−n]− +O( 1~2Ω2 )
=H0 +O( 1~2Ω2 )
(23)
where the hopping integral along x-direction is re-
normalized by J (A0a cosα), the y-direction re-normalized
by J (A0a sinα). To confirm our conclusion above, we plot
the deformed Hofstadter butterfly with a different polariza-
tion direction α = pi/6. The calculated result coincide
with the data for tx = 1.00, ty = 2.02 which is ty/tx =
J (A0a sinpi/6)/J (A0a cospi/6) for A0a = 2.0.
IV. EFFECTIVE HAMILTONIAN FOR SMALL
MAGNETIC FLUX - LANDAU LEVEL REGIME
In this section, we focus on the Landau level at small mag-
netic flux φ. Starting from the tight-bing Hamiltonian Eq.(1)
(absence of laser), for the general case ty = λtx = λth and
small kx  1, ky  1, The band dispersion is written as,
k =− 2th(cos(kxa) + λ cos(kya))
≈− 2th(1− k2xa2/2)− 2λth(1− k2ya2/2)
=− 2th(1 + λ) + (k2x + λk2y)tha2
which corresponds to the effective mass m∗ = ~2/(2ta2).
From the semi-classical theory, we have the energy for system
subjected to perpendicular uniform magnetic field41 as,
(φ) =− 2th(1 + λ) +
√
λ~ωc(n+ 1/2)
=− 2th(1 + λ) + 4pi
√
λtφ(n+ 1/2)
(24)
where we used ωc = eB/m∗c, and n = 0, 1, 2, · · · is the
serial number of Landau levels. The landau levels are plotted
in Fig.5(a) with the red and blue solid lines for Landau level
with n = 0 and n = 1, respectively.
Let’s go back to the deformed Hofsadter butterfly in off-
resonance circularly polarized light. Since the reflection sym-
metry about magnetic flux φ = 1/2 is preserved by the time-
reversal symmetry and the circularly polarized light break
that symmetry, which is E(φ) 6= E(−φ) = E(1 − φ). To
investigate the influence of circularly polarized light on the
Landau levels, we plot the energy as a function of φ from
−0.04 < φ < 0.04 in Fig.5(b1-b2). The dashed lines are
the original Landau level without laser using Eq.(24), the
numerical results for φ > 0 is on top of the dashed line
and φ < 0 is under the dashed line. The averaged result
′n(φ) = (n(φ) + n(−φ))/2 is plotted as a function φ
in Fig.5(b3). The averaged one for small flux is in good
agreement with the semi-classical results in Eq.(24). Going
back to the high frequency effective Hamiltonian. we have
Heff(φ) = H0(φ) + H
′(φ) with H0(φ) = H0(−φ) and
H ′(φ) = −H ′(−φ). Here we calculate the commutator of
H0(φ) and H ′(φ), we have,
[H0(φ), H
′(φ)] = O(φ2) ≈ 0 (25)
which means the two operators have approximately the same
eigenvectors and finally, the two Hamiltonian H(φ) and
H(−φ) have the property (Ei(φ) + Ei(−φ))/2 ≈ −2tx −
2ty + 4piλtxφ which is consistent with the semi-classical cal-
culation.
From the semi-classical theory, we have the eigenvalues of
H0 is proportional to φ. Here we realize that H ′(φ) ∝ φ for
small magnetic flux φ, so we carefully check if the eigenvalues
of the two are still proportional to φ ? By diagonalizing the
Hamiltonian H0, which is
H0(φ)|Ψi〉 = E0i (φ)|Ψi〉 (26)
withE0i (φ) and |Ψi〉 the i-th eigenvalue and eigenvector. Note
here we choose φ = 1/q to aviod the degeneracy of the energy
level because the eigenvectors can mix with each other for
states with the same energy. By considering the commutation
relation [H0(φ), H ′(φ)] ≈ 0 for small magnetic flux φ, we
have
H ′(φ)|Ψi〉 ≈ E′i|Ψi〉 (27)
and the i-th eigenvalues of effective Hamitonian is Ei + E′i.
we numerically find that
E′i ≈ 6.25× 8λt2J 21 (A0a)φ/(~Ω) (28)
Combining with the result with laser (the Landau level), we
have
(φ) =(−2t− 2λt) + 4pi
√
λtφ(n+ 1/2)
+ 6.25× 8λt2J 21 (A0a)φ/(~Ω)
(29)
where the co-efficient 6.25 is determined numerically. The
results are plotted as a solid red and blue lines in Fig.5 with
n = 0 and n = 1, respectively. The semi-classical results
are in good agreement with the numerical data in the Landau
regime. Our result show that, the influence of circularly laser
on the Landau level is proportional to magnetic flux φ and
independent of the serial number of Landau level.
V. SPIN CHERN NUMBER FOR THE DRIVEN
HOFSTADTER BUTTERFLY
Following the previous work by Goldman42 and Wackerl33,
we calculate the ground state Chern number of Hofstadter’s
butterfly, where the “ground state” in Floquet-Bloch band
structure shall be understood as the lowest energy band of the
central Floquet copy (n −m = 0). Here the stratege to cal-
culate the Chern number is the Fukui’s method43 . To clearly
seperate bands with different Floquet copy index, we choose
9FIG. 5. (Color online.) Effect of circularly polarized light on the energy spectrum for Landau levels in a weak uniform magnetic flux φ on
the square lattice. The circularly polarized light A(t) = A0(sin Ωt, cos Ωt) with frequency fixed at an off-resonant regime Ω = 8.0. The
representative laser laser intensity are chosen as (a) A0 = 0.0, (b1-b3) A0 = 1.6, (c) A0 = 2.0 and (d) A0 = 3.0, (e) A0 = 3.8 and (f)
A0 = 5.0. The calculations are done numerically with 3 Floquet copies. The magnetic flux is defined as φ = p/q with p ranging from 1 to
q − 1 and q = 599. The dashed lines are the semi-classical results for Landau levels with E = ~ωc(n+ 1/2) where n = 1 (red dashed lines)
and n = 2 (blue dashed lines). The red (blue) solid line is the semi-classical results plus the high-frequency expansion to 1st order of ~Ω.
an off-resonance frequency ~Ω = 8.0 (effective bandwidth is
Weff = 8J0(A0a) ≤ 8).
In Fig.6, we plot the Chern number for the “ground state” of
the Hofstadter’s butterfly with laser frequency fixed at ~Ω =
8.0. In all these Chern number plots, we plot the Chern num-
ber in equilibrium (absence of laser) as a reference point. The
time-reversal symmetry T H(φ)T −1 = H(−φ) = H(1 − φ)
preserve the symmetry of Chern number C(φ) = −C(1−φ).
In Fig.6(a), we plot the Chern number as a function of
magnetic flux for circularly polarized light with parameter
A0 = 1.0, 2.0. From the numerical data, we realize the Chern
numbers at laser intensity A0 = 1.0 are the same as the refer-
ence points. Further increasing the laser intensity to A0 = 2.0
will show some difference, the Chern numbers differ some-
what from the reference points, especially at larger magnetic
flux area (around φ = 1/2).
In Fig.6(b), we plot Chern number as a function magnetic
flux for linearly polarized light with laser intensity A0 =
1.0, 2.0 and polarization direction along the α = pi/6. These
data are the same as the one without drive. Further, we
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FIG. 6. (Color online) Chern number |Cn| as a function of the magnetic flux Φ for the square lattice exposed to circularly (a) and linearly
(b) polarized lasers with the laser frequency fixed at off-resonance region Ω = 8.0. (a) circularly polarized light A0 = 1.0, 2.0. (b) linearly
polarized light A0 = 1.0, 2.0, α = pi/6. The calculations are done with 5 Floquet copies. The magnetic flux is defined as φ = p/q with p
ranging from 1 to q − 1 and q ≤ 21 and (p, q) are co-prime number.
checked the Chern number for different polarization α =
0, pi/3, pi/2 and A0 = 1.0, 2.0, the results are the same with
the reference data. This can be understood using the effective
Hamiltonian in Eq.(16), where 1/~Ω order terms vanish.
Since the magnetic-translation symmetry is preserved as the
system is exposed to an external laser, the topological invari-
ant must satisfy the Diophantine equation30,32
s =
1
q
+
p
q
C (30)
for flux φ = p/8q, where C is the topological invariant and
s is an integer. We have verified that our calculated Chern
numbers satisfy the Diophantine equation.
VI. DISCUSSION AND CONCLUSIONS
In this paper, we study the Hofstadter butterfly in the square
lattice and the influence of a periodic driving laser (linearly or
circularly polarized) on its fractal structure and its “ground
state” Chern number using the Floquet theory. The energy
spectrum in equilibrium (Hofstadter butterfly) exhibit self-
similar fractal structure with rich symmetries. Qualitatively,
we focus on three symmetries in this work, the particle-hole
symmetry, the reflection symmetry about magnetic flux φ =
1/2, the inversion symmetry about E = 0, φ = 1/2. The
influence of circularly polarized light will in general break
the time-reversal symmetry and sublattice symmetry, as a re-
sult, the particle-hole and reflection symmetry about φ = 1/2
are broken. By contrast, the inversion symmetry about E =
0, φ = 1/2 is preserved, which is explained by considering the
sublattice symmetry. Further increasing the laser intensity to
critical value A0a = 3.80, the three symmetries are recovered
approximately. This is explained using effective Hamiltonian
derived through the Floquet-Magus expansion. As the Hofs-
tadter butterfly in square lattice is exposed by off-resonance
linearly polarized light, the effective Hamiltonian is just the
original one renomalized by J0(A0a cosα) in the x-direction
and by J0(A0a cosα) in the y-direction.
By considering the spectrum in the Landau level regime,
we derived the effective Hamiltonian at off-resonance regime,
and numerically determined the influence of circularly po-
larized light. The Landau level spectrum is modified by,
6.25× 8t2J 21 (A0a)φ/(~Ω) which depend on the laser inten-
sity, frequency and in-dependent of Landau level serial num-
ber.
Finally, we calculate the “ground state” Chern number in-
fluenced by laser in off-resonance regime. For circularly po-
larized light, laser with small intensity will not change the
Chern number. The one with large intensity will change Chern
number, mainly at large magnetic field regime (φ = 1/2). The
linear polarized light will not change the Chern number in our
calculation for laser intensity A0 = 1.0, 2.0 and different po-
larization direction α = 0, pi/6, pi/3, pi/2. Our work high-
lights the generic features expected for the periodically driven
Hofstadter problem on square lattice and provide the strategy
to engineering the Hofstadter butterfly with laser.
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VII. APPENDICES
A. high frequency expansion
Starting from Eq.(13) and Eq.(14), we write Hn,m or
Hn−m explicitly,
H0 = −txJ0(A0a)
(
q−1∑
l=1
a†l al+1 + a
†
qa1
)
− txJ0(A0a)
(
q−1∑
l=1
a†l+1al + a
†
1aq
)
− 2tyJ0(A0a)
q∑
l=1
a†l al cos(2pilφ) (31)
H1 = +txJ1(A0a)
(
q−1∑
l=1
a†l al+1 + a
†
qa1
)
− txJ1(A0a)
(
q−1∑
l=1
a†l+1al + a
†
1aq
)
+ 2tyJ1(A0a)
q∑
l=1
a†l al sin(2pilφ) (32)
H−1 = −txJ1(A0a)
(
q−1∑
l=1
a†l al+1 + a
†
qa1
)
+ txJ1(A0a)
(
q−1∑
l=1
a†l+1al + a
†
qa1
)
+ 2ty
q∑
l=1
a†l alJ1(A0a) sin[+2pilφ] (33)
H2 = H−2 = −txJ2(A0a)
(
q−1∑
l=1
a†l al+1 + a
†
qa1
)
−txJ2(A0a)
(
q−1∑
l=1
a†l+1al + a
†
1aq
)
−2tyJ2(A0a)
q∑
l=1
a†l al cos[2pilφ] (34)
H3 = +txJ3(A0a)
(
q−1∑
l=1
a†l al+1 + a
†
qa1
)
− txJ3(A0a)
(
q−1∑
l=1
a†l+1al + a
†
1aq
)
− 2tyJ3(A0a)
q∑
l=1
a†l al sin[+2pilφ] (35)
H−3 = −txJ3(A0a)
(
q−1∑
l=1
a†l al+1 + a
†
qa1
)
+ txJ3(A0a)
(
q−1∑
l=1
a†l+1al + a
†
qa1
)
− 2tyJ3(A0a)
q∑
l=1
a†l al sin(2pilφ) (36)
we have
[H1, H−1] = 8txtyJ 21 (A0a) sin(piφ)
(
q−1∑
l=1
a†k,lak,l+1 cos(2pi(l + 1/2)φ) + a
†
k,qak,1 cos(+piφ)
)
+ h.c. (37)
[H3, H−3] = −8txtyJ 23 (A0a) sin(piφ)
(
q−1∑
l=1
a†k,lak,l+1 cos(2pi(l + 1/2)φ) + a
†
k,qak,1 cos(+piφ)
)
+ h.c. (38)
B. Proof of [H0, [H1, H−1]] ∝ φ2 for φ 1
By setting,
α0 = −txJ0(A0a), β0 = −2tyJ0(A0a)
α1 = −txJ1(A0a), β1 = −2tyJ1(A0a),
X =
q−1∑
l=1
a†k,lak,l+1 + a
†
k,qak,1, (39)
Y =
q∑
l=1
a†k,lak,l cos(2pilφ), (40)
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Z =
q∑
l=1
a†k,lak,l sin(2pilφ), (41)
we have,
H+0 = +α0(X +X
†) + β0Y,
H+1 = −α1(X −X†)− β1Z,
H−1 = +α1(X −X†)− β1Z.
The commutator between H1 and H−1 is expressed as,
[H1, H−1] = 2α1β1[X,Z] + 2α1β1[X,Z]†. (42)
Further, the commutator between H0 and [H1, H−1] is ex-
pressed as,
[H0, [H1, H−1]]
= 2α0α1β1
(
[X, [X,Z]]− [X, [X,Z]]†)
+ 2α1β0β1
(
[Y, [X,Z]]− [Y, [X,Z]]†)
+ 2α0α1β1
(
[X, [X,Z]†]− [X, [X,Z]†]†)
(43)
[X,Z] = 2 sin(piφ)
(
q−1∑
l=1
a†l al+1 cos(2pi(l + 1/2)φ) + a
†
qa1 cos(piφ)
)
(44)
[X, [X,Z]] =− 4 sin2(piφ)
(
q−2∑
l=1
a†l al+2 sin(2pi(l + 1)φ) + a
†
qa2 sin(2piφ)
)
(45)
[X, [X,Z]†] =− 4 sin2(piφ)
(
q−1∑
l=2
a†l al sin(2pilφ) + a
†
1a1 sin(2piφ)
)
(46)
[Y, [X,Z]] =2 sin2(piφ)
(
q−1∑
l=1
a†l al+1 sin(2pi(2l + 1)φ) + a
†
qa1 sin(2piφ)
)
(47)
As a result, we have [H0, [H1, H−1]] ∝ φ2 for φ  1, and
operator H0 have approximately the same eigenvectors with
H ′ = [H1, H−1].
C. Inversion symmetry about E = 0, φ = 1/2
Let’s consider the A-B sub-lattice in the square lattice in
Fig.7. The model Hamiltonian is defined on the two dimen-
sional square lattice with nearest-neighbour hopping terms,
H =
∑
ij
−tx
(
a†i,jbi,j + a
†
i,jbi−1,j + h.c.
)
+
∑
ij
−ty
(
a†i,jbi,j−1 + a
†
i,jbi−1,j+1 + h.c.
)
where tx (ty) is the hopping integral between nearest-
neighbours along the x (y) directions, a†i,j(bi,j) create (an-
nihilate) an electron (the spin index is omitted for simplicity)
at sub-lattice A (B) in the unit (i, j).
The position of an arbitrary unit cell is
R(i, j) = ia1 + ja2 (48)
where i, j are integers, a1 = (2, 0)a and a2 = (1, 1)a are the
translational lattice vectors with a the lattice constant.
As the system is exposed to field (electric, magnetic field)
with vector potential A = (Ax, Ay), the hopping terms are
modified by the Peierls substitution,
a†i,jbi′,j′ 7→ exp
(
+i
e
~c
∫ Ra(i,j)
Rb(i′,j′)
A · dr
)
a†i,jbi′,j′
where Ra(i, j) is the coordinate of sub-lattice A with unit cell
index (i, j), withRa(i, j) = ma1 +na2 andRb(i, j) = ia1 +
ja2 + (1, 0)a.
1. Model Hamiltonian exposed to laser
As the system is exposed to laser with vector potential
Al(t) = [Alx(t), Aly(t)], the Hamiltonian in real space is
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(a)
FIG. 7. (Color online) (a) Square lattice with A-B sub-lattice in one
unit cell. The translational vectors are a1 = (2, 0)a,a2 = (1, 1)a
with a lattice constant.
modified through the Perils substitution,
H =
∑
ij
−tx
(
a†i,jbi,j exp(−iAlx(t)a) + h.c.
)
+
∑
ij
−tx
(
a†i,jbi−1,j exp(+iAlx(t)a) + h.c.
)
+
∑
ij
−ty
(
a†i,jbi−1,j+1 exp(−iAly(t)a) + h.c.
)
+
∑
ij
−ty
(
a†i,jbi,j−1 exp(+iAly(t)a) + h.c.
)
For circularly polarized light with vector potential Al(t) =
A0(sin Ωt, cos Ωt), we have
Hnm = −tx
∑
ij
(
a†i,jbi,j + b
†
i−1,jai,j
)
Jm−n(+A0a)
− tx
∑
ij
(
b†i,jai,j + a
†
i,jbi−1,j
)
Jm−n(−A0a)
− ty
∑
ij
(
a†i,jbi−1,j+1 + b
†
i,j−1ai,j
)
in−mJm−n(+A0a)
− ty
∑
ij
(
b†i−1,j+1ai,j + a
†
i,jbi,j−1
)
in−mJm−n(−A0a)
2. Hamiltonian with magnetic field
As the system is exposed to perpendicular magnetic field
B = ∇ × Am = (0, 0,−B) and adopt the Landau gauge
with vector potential Am = (By, 0, 0). As usual, we restrict
the flux per unit cell in units of the elementary charge over
Planck’s constant to a rational value
φ ≡ Ba2. (49)
Thus, the Peierls phase can be written as
e
~c
Ba2 = 2piφ/φ0 (50)
where φ0 = hc/e is the magnetic quantum flux, φ = p/q with
(p, q) co-prime integers. To recover the translational symme-
try of the lattice, we enlarge the unit cell along the transla-
tional vector a1 by q time of the original unit cell without
magnetic field. The Hamiltonian in real-space can be rewrit-
ten as,
H =− tx
∑
ij
q∑
l=1
a†i,j,lbi,j,le
−i2pilφ + h.c.
− tx
∑
ij
q∑
l=1
a†i,j,lbi−1,j,le
+i2pilφ + h.c.
− ty
∑
ij
q∑
l=2
a†i,j,lbi,j,l−1 + a
†
i,j,1bi,j−1,q + h.c.
− ty
∑
ij
q−1∑
l=1
a†i,j,lbi−1,j,l+1 + a
†
i,j,qbi−1,j+1,1 + h.c.
where the position of unit cell is
R˜(i, j) = ia1 + ja2 × q (51)
After Fourier transformation,
Hk =− tx
q∑
l=1
a†k,lbk,l
(
e−i2pilφ + eik·a1e+i2pilφ
)
+ h.c.
− ty
q∑
l=2
a†k,lbk,l−1 + a
†
k,qbk,1e
ik·qa2 + h.c.
− ty
q−1∑
l=1
a†k,lbk,l−1e
ik·a1 + a†k,1bk,qe
ik·(a1−qa2) + h.c.
For the case k = (0, 0) (subscript k is ignored for simplicity),
we have
Hbutterfly =− tx
q∑
l=1
a†l bl
(
e−i2pilφ + e+i2pilφ
)
+ h.c.
− ty
q∑
l=2
a†l bl−1 + a
†
qb1 + h.c.
− ty
q−1∑
l=1
a†l bl−1 + a
†
1bq + h.c.
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This is the original Hamiltonian to generate the Hofstadter
butterfly on the square lattice, with A-B sublattice considered.
The matrix form Hamiltonian is expressed as,
H =
(
0 HAB
H†AB 0
)
(52)
HAB =

a†1
a†2
...
a†q

T
−2tx cos(2piφ) −ty · · · −ty
−ty −2tx cos(4piφ) · · · 0
...
...
. . .
...
−ty 0 · · · −2tx cos(2piqφ)


b1
b2
...
bq

Apparently, the A-B sublattice symmetry in square lattice will
preserve the particle-hole symmetry in the original Hofstadter
butterfly44.
3. Hamiltonian with both laser and magnetic field
As the system is exposed to laser, the Hamiltonian is rewrit-
ten as, The Hamiltonian in real-space is,
H = −tx
∑
ij
q∑
l=1
a†i,j,lbi,j,le
−i2pilφ exp(−iAlx(t)a) + h.c.
− tx
∑
ij
q∑
l=1
a†i,j,lbi−1,j,le
+i2pilφe+iAlx(t)a + h.c.
− ty
∑
ij
(
q∑
l=2
a†i,j,lbi,j,l−1 + a
†
i,j,1bi,j−1,q
)
e−iAly(t)a + h.c.
− ty
∑
ij
(
q−1∑
l=1
a†i,j,lbi−1,j,l+1 + a
†
i,j,qbi−1,j+1,1
)
e+iAly(t)a + h.c.
Fourier transformation and set k = (0, 0),
Hk =− tx
(
q∑
l=1
a†l ble
−i2pilφe−iAlxa + a†l ble
+i2pilφe+iAlx(t)a
)
+ h.c.
− ty
q∑
l=1
a†l bl−1e
−iAly(t)a + a†1bqe
−iAly(t)a + h.c.
− ty
q∑
l=1
a†l bl+1e
+iAly(t)a + a†qb1e
+iAly(t)a + h.c.
4. Circularly polarized light
For circularly polarized light with vector potential A(t) =
A0[sin(Ωt), cos(Ωt)], the matrix elements of the Floquet-
Bloch Hamiltonian are
Hnm =
1
T
∫ T
0
dte−i(n−m)ΩtH(t) (53)
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we need to calculate the expression with the general form as,
fnm =
1
T
∫ T
0
dte−i(n−m)Ωt exp[−iA(t) · d] (54)
Here we used d = Rj −Ri. Substituting the vector potential
of circular polarized light into above equation, For d = (a, 0),
1
T
∫ T
0
dte−i(n−m)Ωt exp[−iA0a sin(Ωt)] = Jm−n(A0a)
For d = (0, a),
1
T
∫ T
0
dte−i(n−m)Ωt exp[−iA0a cos(Ωt)]
=Jm−n(A0a) exp[i(n−m)pi/2]
where Jn(x) is the Bessel function of first kind. The Floquet-
Bloch Hamiltonian at k = (0, 0) for circularly polarized light
is,
Hnmbtfy(φ) =− tx
(
q∑
l=1
Jm−n(+A0a)a†l ble−i2pilφ + Jm−n(−A0a)b†l ale+i2pilφ
)
− tx
(
q∑
l=1
Jm−n(−A0a)a†l ble+i2pilφ + Jm−n(+A0a)b†l ale−i2pilφ
)
− ty
q−1∑
l=1
Jm−n(−A0a)a†l bl+1ei(n−m)pi/2 + Jm−n(−A0a)a†qb1ei(n−m)pi/2
− ty
q−1∑
l=1
Jm−n(+A0a)bl+1a†l ei(n−m)pi/2 + Jm−n(+A0a)b†1aqei(n−m)pi/2
− ty
q∑
l=2
Jm−n(+A0a)a†l bl−1ei(n−m)pi/2 + Jm−n(+A0a)a†1bqei(n−m)pi/2
− ty
q∑
l=2
Jm−n(−A0a)b†l−1alei(n−m)pi/2 + Jm−n(−A0a)b†qa1ei(n−m)pi/2 = Hmnbtfy(−φ)
By considering the sublattice symmetry of square lattice, we
introduce a diagonal matrix σz that equals +1 for sites on sub-
lattice A, and −1 for sites on sub-lattice B, we can write the
sub-lattice operation of the Hamiltonian as
σzH
nm
btfy(φ)σz = σzH
mn
btfy(−φ)σz = −Hmnbtfy(−φ) (55)
HFloquet(φ) =

. . .
...
...
... . .
.
· · · H0(φ)− ~Ω1 H−1(φ) H−2(φ) · · ·
· · · H1(φ) H0(φ) H−1(φ) · · ·
· · · H2(φ) H1(φ) H0(φ) + ~Ω1 · · ·
. . .
...
...
...
. . .

σzHFloquet(φ)σz = −

. . .
...
...
... . .
.
· · · H0(−φ) + ~Ω1 H−1(−φ) H−2(−φ) · · ·
· · · H1(−φ) H0(φ) H−1(−φ) · · ·
· · · H2(−φ) H1(φ) H0(−φ)− ~Ω1 · · ·
. . .
...
...
...
. . .
 = −HFloquet(−φ)
16
As a result of the sub-lattice symmetry operation above, we
proved that the eigenvalues of HFloquet(φ) is the inverse of
the eigenvalues of HFloquet(−φ), which explains the inver-
sion symmetry about E = 0, φ = 1/2.
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